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Zagier regulator polylogarithm
$Li_{k}(z)= \sum_{n=1}^{\infty}\frac{z^{n}}{n^{k}}$ , $|z|<1$
[10] Deligne
Beilinson [2]
Burgos Wang higher Bott-Chern form
”Higher
Arithmetic $K$-Theory”
1. THE HIGHER BLOCH GROUP
$M$ $M_{\mathbb{Q}}=M\otimes_{\mathbb{Z}}\mathbb{Q}$
Polylogarithm function $Li_{k}(z)$ ( polylog ) meromorphic
$\mathbb{C}-\{0,1\}$
$P_{m}(z)= \Re_{m}(\sum_{k=0}^{m-1}\frac{2^{k}B_{k}}{k!}(\log|z|)^{k}Li_{m-k}(z))$
$\mathbb{C}-\{0,1\}$ -\llcorner $\Re_{m}$ $m$
$B_{k}$ $k$ Bernoulli
$F$ $\Sigma_{F}$ $F$ $X_{F}$
$\Sigma_{F}$ $\Sigma_{F}$ $X_{F}$ $\iota$
$F$ regulator
$\rho_{F}$ : $K_{2m-1}(F)_{\mathbb{Q}}arrow(X_{F}\otimes \mathbb{R}(m-1))^{\overline{\iota}=\mathrm{i}\mathrm{d}}$ .
Zagier Bloch
$\beta_{2}$ : $\mathbb{Q}[F^{\mathrm{x}}-\{1\}]arrow F_{\mathbb{Q}}^{\mathrm{x}}\wedge\ovalbox{\tt\small REJECT}$
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\mapsto x $\triangle(1-x)$ kernel $\mathcal{A}_{2}(F)$ C2 (F)
$\mathcal{A}_{2}(F)$
$\mathrm{G}_{2}(F)=\{\sum\dot{.}$ ni $[x_{i}] \in \mathcal{A}_{2}(F);\sum\dot{.}n_{i}P_{2}(x_{i}^{\sigma})=0$ for any $\sigma\in\Sigma_{F}\}$
$\mathfrak{B}_{2}(F)=\mathcal{A}_{2}(F)/\mathrm{G}_{2}(F)$ $F\sigma$) Bloch
Bloch $m\geq 3$ $\mathbb{Q}[F^{\mathrm{x}}-\{1\}]$ $\mathcal{A}_{m-1}(F)$
$\mathrm{e}_{m-1}(F)$
$\beta_{m}$ : $\mathbb{Q}[F^{\mathrm{x}}-\{1\}]arrow F_{\mathbb{Q}}^{\mathrm{x}}\otimes(\mathbb{Q}[F^{\mathrm{x}}-\{1\}]/\mathrm{G}_{m-1}(F))$
$\beta_{m}([x])=x\otimes[x]$ kernel $\mathcal{A}_{m}(F)$ $6_{m}(F)$
$\mathcal{A}_{m}(F)$
$\{\sum\dot{.}n:[x_{i}]\in \mathcal{A}_{m}(F);\sum_{i}n_{i}P_{m}(x^{\sigma}.\cdot)=0$ for any $\sigma\in\Sigma_{F}\}$ .
$\mathfrak{B}_{m}(F)=\mathcal{A}_{m}(F)/\mathrm{C}_{m}(F)$ $F$ $m$ Bloch




$\alpha_{m}$ $m$ 0 1
$\mathfrak{B}_{m}(F)arrow K_{2m-1}(F)_{\mathbb{Q}}$ ( Borel
) higher Bott-Chern form
Bloch $\beta_{m}$
$F_{\mathbb{Q}}^{\mathrm{x}}\otimes(\mathbb{Q}[F^{\mathrm{x}}-\{1\}]/\mathrm{G}_{m-1}(F))$ [ $F_{\mathbb{Q}}^{\mathrm{x}}$ K1(F) $\mathfrak{B}_{m-1}(F)$
$(\mathbb{Q}[F^{\mathrm{x}}-\{1\}]/\mathrm{G}_{m-1}(F))$ Zagier $m-1$













cycle $K_{2m-2}$ (F) cycle bound $2m-1$
chain $a,$ $b\in \mathbb{Q}[F^{\mathrm{x}}-\{1\}]$
$\beta_{m}(a)=\beta_{m}(b)$ $a$ $b$ $2m-2$ cycle bound 4 $\mathrm{a}$
$a-b$ boundary $2m-1$ cycle $\mathfrak{B}_{m}(F)$





(1) $0arrow \mathfrak{B}_{m}(F)arrow \mathbb{Q}[F^{\mathrm{x}}-\{1\}]arrow F_{\mathbb{Q}}^{\mathrm{x}}\otimes(\mathbb{Q}[F^{\mathrm{x}}-\{1\}]/\mathrm{G}_{m-1}(F))$
$K$ exact sequence






(2) $0arrow K_{2m-1}(F)_{\mathbb{Q}}\rhoarrow(X_{F}\otimes \mathbb{R}(m-1))^{\overline{\iota}=\mathrm{i}\mathrm{d}}arrow\hat{K}_{2m-2}(F)_{\mathbb{Q}}arrow 0$
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$F$ $\mathrm{r}\mathrm{e}\mathrm{g}\iota 1\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ (1)
(2) exact sequence Zagier
Bloch $K$
$K$ $K$
$K$ $\mathfrak{B}_{m-1}$ (F)\rightarrow K2m-3(F)














2. THE MAIN RESULTS
McCarthy [7] Burgos-Wang [5]
$X$ $\mathbb{Q}$ $X$ hermitian vector bundle
$X$ vector bundle $E$ $X(\mathbb{C})$ $E(\mathbb{C})$ hermitian
metric $h$ $(E, h)$ $X$ hermitian vector bundle exact







$\mathcal{F}$ $X$ exact hermitian $n$-cube, $\mathcal{G}$ $X$ exact hermitian $m$-cube
tensor product $X$ exact hermitian $(n+m)$-cube $F\otimes \mathcal{G}$
$\tilde{\mathbb{Q}}\hat{C}_{*}(X)$ $H_{*}(\tilde{\mathbb{Q}}\hat{C}_{*}(X))$
McCarthy $K$




$X$ $\mathbb{Q}$ $\mathrm{c}\mathrm{h}_{n}(F)$ $X(\mathbb{C})$




$n\geq 2$ $X$ higher Bott-Chern form $n\geq 2$





polylog higher Bott-Chern form
$\mathrm{P}_{\mathbb{Q}}^{1}-\{0,1, \infty\}$ exact hermitian cube
polylog
exact hermitian cube Bott-Chern form polylog
exact hermitian cube exact cube
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closed [ $\mathcal{A}_{m}(F)$ $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}F$ exact hermitian cube
closed $K_{2m-1}(F)_{\mathbb{Q}}$
higher Bott-Chern form
Proposition 2.1. [8, Thm.4.2] $F\text{ }X-\mathrm{k}\sigma)$ exact hermitian $n$ -cube. $\mathcal{G}\text{ }X-\mathrm{h}\sigma$) exact
hemitian $m$ -cube
$\mathrm{c}\mathrm{h}_{n+m}(F\otimes \mathcal{G})=\mathrm{c}\mathrm{h}_{n}(F)\bullet \mathrm{c}\mathrm{h}_{m}(\mathcal{G})+(-1)^{n+1}d_{\mathrm{D}}(\mathrm{c}\mathrm{h}_{n}(F)\Delta \mathrm{c}\mathrm{h}_{m}(\mathcal{G}))$
$(-1)^{n}\mathrm{c}\mathrm{h}_{n-1}(\partial F)\triangle \mathrm{c}\mathrm{h}_{m}(\mathcal{G})-\mathrm{c}\mathrm{h}_{n}(F)\triangle \mathrm{c}\mathrm{h}_{m-1}(\partial \mathcal{G})$
$x\in \mathcal{D}^{2p-n}(X,p)$ $y\in \mathcal{D}^{2q-m}(X, q)$
$x\bullet y=\{$






$1 \leq j\leq m\sum_{1\leq i\leq n}a_{i,j}^{n,m}x^{(p-n+\dot{\mathrm{t}}-1,p-i)}\Lambda y^{(q-m+j-1,q-j)}$
, othemise,
$a_{i,\acute{j}}^{nm}$ T








$m$ 3 $L_{m}(z)$ $P_{m}(z)$ $m\geq 4$







Theorem 22. $m\geq 2$ $L_{m}(z)$
$(-1)^{m}dL_{m}(z)=Im( \frac{dz}{z})L_{m-1}(z)-\frac{\sqrt{-1}}{2m-3}\log|z|(\overline{\partial}L_{m-1}(z)-\partial L_{m-1}(z))$ .
$X=\mathrm{P}_{\mathbb{Q}}^{1}-\{0,1, \infty\}$ $z$ $X$ $X$




Proposition 23. $h_{n}(z)\in\tilde{\mathbb{Q}}\hat{C}_{2n-1}(X)$ $n\geq 1$
(1) $h_{1}(z)=\langle z\rangle$ .
(2) $\partial h_{n}(z)=\sum_{=1}^{n-1}\dot{.}h:(z)\otimes h_{n-i}(z)$ .
(3) $n\geq 2$ $\mathrm{c}\mathrm{h}_{2n-1}(h_{n}(z))=0$ .
$\{z\}\cup\{z\}$ $K_{2}(X)$ 2-torsion $\langle z\rangle\otimes\langle z\rangle$ $X$




$\overline{\mathcal{O}_{X\backslash 11\backslash ^{\mathrm{I}^{1}}}}^{\frac{|z-}{\downarrow 1\prime}\overline{\mathcal{O}_{d}\mathrm{x}’}}$
$\overline{\mathcal{O}_{\lambda’}}\underline{z}\overline{\mathcal{O}_{X}}$
$\frac{1}{2}$ $n\geq 3$ [ $h_{n}(z)$ [ exact
hermitian $(2n-1)$-cube
Theorem 24. $m\geq 1$ $\mathcal{L}_{m}(z)\in\tilde{\mathbb{Q}}\hat{C}_{2m-1}(X)$
(1) $\mathcal{L}_{1}(z)=-2\langle 1-z\rangle$ .
(2) $m\geq 2$ $\partial \mathcal{L}_{m}(z)=\sum_{i=1}m-12:h\dot{.}(z)\otimes \mathcal{L}_{m-i}(z)$ .







$\sum_{i=1}^{m-1}2^{i}h_{i}(z)\otimes \mathcal{L}_{m-i}(z)$ closed Higher Bott-Chern form
$i\geq 2$ $\mathrm{c}\mathrm{h}_{2i-1}(h_{i}(z))---0$
$\mathrm{c}\mathrm{h}_{2m-2}(\sum_{i=1}^{m-1}2^{i}h:(z)\otimes \mathcal{L}_{m-i}(z))=2\mathrm{c}\mathrm{h}_{2m-2}(\langle z\rangle\otimes \mathcal{L}_{m-1}(z))$
$=(- \sqrt{-1})^{\alpha_{m}}(Im(\frac{dz}{z})L_{m-1}(z)-\frac{\sqrt{-1}}{2m-3}\log|z|(\overline{\partial}L_{m-1}(z)-\partial L_{m-1}(z)))$
$=-(\sqrt{-1})^{\alpha_{m}}dL_{m}(z)$ .
$m\geq 2$ higher Bott-Chern form
$\mathrm{c}\mathrm{h}_{2m-2}$ : $K_{2m-2}(X)\mathbb{Q}arrow H_{dR}^{1}(X(\mathbb{C}), \mathbb{R}(m-1))^{\overline{\iota}=\mathrm{i}\mathrm{d}}$







0 $\mathbb{Q}$ regulator Borel
[3]
Bott-Chern form 0 $(\sqrt{-1})^{\alpha_{m}}L_{m}(z)$ $\mathcal{L}_{m}(z)\in$
$\ovalbox{\tt\small REJECT}\hat{C}_{2m-1}(X)$ $\mathcal{L}_{m}(z)$ $\mathcal{A}_{m}(F)$
closed $K$ closed







$\mathcal{L}_{m}(\xi)$ closed [ 4 $1_{\text{ }}*$ Bott-Chern form $\mathrm{a}\{\mathrm{s}$.
$P_{m}(\xi)$ boundary
$\xi\in \mathcal{A}_{m}(F)\mapsto \mathcal{L}_{m}(\xi)+P_{m}(\xi)$ $m$ Bloch $K$
$\mathfrak{B}_{m}(F)=A_{m}(F)/\mathrm{G}_{m}(F)arrow K_{2m-1}(F)_{\mathbb{Q}}$
Zagier
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